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Abstract
We consider in this paper gauge transformations on locally trivial quantum principal fibre
bundles (QPFB). If P , B, H , are the algebras of the total space, the base space, the structure
group of the bundle, left (right) gauge transformations are defined as automorphisms of the
left (right) B-module P which are adapted to the coaction of the Hopf algebra H and to the
covering related to the local trivializations. Connections on the QPFB are in general not
transformed into connections. For covariant connections, there are analogues of the classical
formulas relating the connection and its gauge transform.
This paper is a follow-up of [3]–[5]. We freely use the results of these papers. In [2], gauge
transformations are defined as “vertical automorphisms” of the bundle. We start here with the
more general definition of [1] (given there only for trivial bundles) and [7] of gauge transforma-
tions as convolution invertible linear maps from the Hopf algebra H to the total space algebra P
(taken now in a different context) and consider the action of such transformations on differential
geometric objects (connections and covariant derivatives).
We define left (right) gauge transformations on a locally trivial QPFB in the sense of [2]
and [4] as automorphisms of the left (right) B-module P which are compatible with the right
coaction on the total space and with the local trivializations. On a trivial bundle, such gauge
transformations correspond to convolution invertible (left case) and twisted convolution invert-
ible (right case) linear maps from H to B. On a locally trivial QPFB, the corresponding objects
are linear maps from H to P with these properties. If the structure group is a compact quantum
group, gauge transformations can be characterized locally by elements of the algebras defined
locally by the covering of the basis. Gauge transformations can also be defined on locally trivial
quantum vector bundles (QVB) as module automorphism respecting the local trivializations. If
a QVB is associated to some QPFB, every gauge transformation of the QPFB induces a gauge
transformation on the QVB.
Every gauge transformation on a QPFB induces a module isomorphism of the module of
horizontal forms belonging to a differential structure of P (the module structure being with
respect to the maximal embeddable LC differential algebra related to the differential structure).
It follows that the set of covariant derivatives is invariant under gauge transformations. For the
set of connections, this is true at least in the following two cases: If the differential structure
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on P is defined using the universal calculus on H, and if the differential structure on P uses
a bicovariant calculus on H, restricting at the same time to “vertical automorphisms”. In any
case, the local connection forms and the curvature forms are transformed in the typical (inhomo-
geneous respectively homogeneous) way. We also give an example of a gauge transformation on
a U(1) bundle over a gluing of SUν(2) with some “quantum cylinder”, which is not an algebra
automorphism.
1 Gauge transformations
In [2] gauge transformation on a QPFB P are defined as automorphisms α : P −→ P fulfilling
the conditions
(α⊗ id) ◦∆P = ∆P ◦ α (1)
α ◦ ι = ι. (2)
On trivial QPFB gauge transformations are in one to one correspondence with homomorphisms
τα : H −→ B fulfilling
τα(1) = 1
τα(h)a = aτα(h), ∀h ∈ H ∀a ∈ B
such that
α(a ⊗ h) =
∑
aτα(h1)⊗ h2.
To get nonclassical gauge transformations one needs a more general definition. First, let us
define gauge transformation on trivial QPFB.
Definition 1 Let B ⊗H be a trivial QPFB. A left (right) gauge transformation on B ⊗H is a
left (right) (B ⊗ 1)-module isomorphism α : B ⊗H −→ B ⊗H satisfying
(α ⊗ id) ◦ (id⊗∆) = (id⊗∆) ◦ α (3)
α ◦ (id⊗ 1) = (id⊗ 1). (4)
Remark: Obviously, for every gauge transformation α, the inverse α−1 is also a gauge transfor-
mation.
In the sequel, our standard notation will be αl for left and αr for right gauge transformations.
The notation αl,r will be used if something is true for both left and right gauge transformations.
Proposition 1 Left (right) gauge transformations αl,r on a trivial bundle B ⊗H are in one to
one correspondence to linear maps ταl,r : H −→ B satisfying
ταl,r(1) = 1∑
τα−1
l
(h1)ταl(h2) =
∑
ταl(h1)τα−1
l
(h2) = ε(h)1
∑
τα−1r (h2)ταr (h1) =
∑
ταr(h2)τα−1r (h1) = ε(h)1
such that
αl(a⊗ h) =
∑
aταl(h1)⊗ h2 (5)
αr(a⊗ h) =
∑
ταr(h1)a⊗ h2. (6)
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Proof: We define
ταl,r(h) = (id⊗ ε) ◦ αl,r(1⊗ h). (7)
Because of formula (3) and (id⊗ ε⊗ id) ◦ (id⊗∆) = id we obtain for left gauge transformations
αl(a⊗ h) = (id⊗ ε⊗ id) ◦ (id⊗∆) ◦ αl(a⊗ h)
= (a⊗ 1)(id ⊗ ε⊗ id) ◦ (αl ⊗ id) ◦ (id ⊗∆)(1⊗ h)
= (a⊗ 1)
∑
(ταl(h1)⊗ h2)
=
∑
(aταl(h1)⊗ h2)
and for right gauge transformations
αr(a⊗ h) = (id⊗ ε⊗ id) ◦ (id⊗∆) ◦ αr(a⊗ h)
= (id⊗ ε⊗ id) ◦ (αr ⊗ id) ◦ (id⊗∆)(1⊗ h)(a ⊗ 1)
=
∑
(ταr (h1)⊗ h2)(a⊗ 1)
=
∑
(ταl(h1)a⊗ h2).
Since the gauge transformations are left (right) (B ⊗ 1)-module isomorphisms, the properties
claimed for ταl,r are easily verified. We leave the other direction of the proof to the reader. 
Definition 2 Let P be a locally trivial QPFB with local trivializations χi : P −→ Bi ⊗H.
A left (right) gauge transformation on P is a left ι(B)-module isomorphism αl, r : P −→ P such
that there exists a family (αl,ri)i∈I of left (right) gauge transformation on the trivializations
Bi ⊗H satisfying
χi ◦ αl,r = αl,ri ◦ χi. (8)
Proposition 2 A left (right) gauge transformation fulfills
∆P ◦ αl,r = (αl,r ⊗ id) ◦∆P . (9)
Proof: Using the definitions one calculates
(χi ◦ αl,r ⊗ id) ◦∆P = (αl,ri ◦ χi ⊗ id) ◦∆P
= ((αl,ri ⊗ id) ◦ (id⊗∆) ◦ χi
= (id ⊗∆) ◦ αl,ri ◦ χi
= (id ⊗∆) ◦ χi ◦ αl,r
= (χi ⊗ id) ◦∆P ◦ αl,r.
(9) follows from
⋂
i kerχi = 0. 
Remark: Left (right) gauge transformations αl,r can be equivalently defined as left (right) ι(B)
module isomorphisms αl,r : P −→ P fulfilling
∆P ◦ αl,r = (αl,r ⊗ id) ◦∆P
αl,r ◦ ι = ι
α(kerχi) = kerχi; ∀i ∈ I.
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Proposition 3 The set Gl,r of all left (right) transformations is a group with the composition
of maps as group multiplication. 
Proposition 4 Left (right) gauge transformations αl,r on a locally trivial QPFB P are in one
to one correspondence to linear maps gαl,r : H −→ P satisfying
gαl,r(1) = 1 (10)
∆P(gαl(h)) =
∑
gαl(h2)⊗ S(h1)h3 (11)
∆P(gαr (h) =
∑
gαr (h2)⊗ h3S
−1(h1) (12)
∑
gαl(h1)gα−1
l
(h2) =
∑
gα−1
l
(h1)gαl(h2) = ε(h)1 (13)
∑
gαr (h2)gα−1r (h1) =
∑
gα−1r (h2)gαr (h1) = ε(h)1. (14)
The correspondence is given by
αl(f) =
∑
f0gαl(f1) (15)
αr(f) =
∑
gαr (f1)f0. (16)
Proof: We will give the proof only for left gauge transformations because it works for right gauge
transformations with the same arguments.
Assume that there is given a linear map g : H −→ P with the properties ∆P(g(h)) =∑
g(h2) ⊗ S(h1)h2 and g(1) = 1 such that there exists a linear map g
−1 : H −→ P fullfilling∑
g−1(h1)g(h2) =
∑
g(h1)g
−1(h2) = ε(h)1. It is easy to verify that the linear map α : P −→ P
defined by
α(f) :=
∑
f0g(f1)
is a left gauge transformation.
The proof of the other direction is more complicated. By definition for a given left gauge
transformation αl there exists a family (αli)i∈I of left gauge transformations on the trivializations
Bi⊗H. Since the linear maps αli are left (Bi⊗1)-module isomorphisms, there exist left (Bij⊗1)
module isomorphisms αjli : Bij ⊗H −→ Bij ⊗H satisfying
αjli ◦ (π
i
j ⊗ id) = (π
i
j ⊗ id) ◦ αli . (17)
These αjli satisfy the identity
αjli = φij ◦ α
i
jl
◦ φji, (18)
where φij are the isomorphisms φij : Bij ⊗H −→ Bij ⊗H induced from the transition functions
τij of the bundle P (see [5]). (18) is proved as follows. Let f ∈ P. We know,
(πij ⊗ id) ◦ χi(f) = φij ◦ (π
j
i ⊗ id) ◦ χj(f), (19)
therefore
(πij ⊗ id) ◦ χi(αl(f)) = φij ◦ (π
j
i ⊗ id) ◦ χj(αl(f)).
With (8) and (17) follow the equations
(πij ⊗ id) ◦ αli ◦ χi(f) = φij ◦ (π
j
i ⊗ id) ◦ αjl ◦ χj(f) (20)
αjli ◦ (π
i
j ⊗ id) ◦ χi(f) = φij ◦ α
i
jl
◦ (πji ⊗ id) ◦ χj(f). (21)
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Inserting (19) in (21) one obtains
αjli ◦ φij = φij ◦ α
i
jl
,
which proves (18). Because of this formula, the linear maps ταli : H −→ Bi corresponding to
the αli satisfy
πij(ταli (h)) =
∑
τij(h1)π
j
i (ταjl (h2))τji(h3). (22)
Now we define a family of linear maps gαli : H −→ Bi ⊗H by
gαli (h) :=
∑
ταli (h2)⊗ S(h1)h3.
It is easy to see that
αli(a⊗ h) =
∑
(a⊗ h1)gαli (h2).
Because of formula (22) the family of linear maps (gαli )i∈I fulfills
(πij ⊗ id)(gαli (h)) = φij ◦ (π
j
i ⊗ id)(gαjl (h)), (23)
i.e. there exists a unique linear map gαl : H −→ P satisfying χi(gαl(h)) = gαli (h) and αl(f) =∑
f0gαl(f1). The properties of gαl are now easily verified by using the properties of the family
(gαli )i∈I . 
Proposition 5 There is a bijection between left and right gauge transformations.
Proof: Left and right gauge transformations are related by gαr := gαr ◦ S
−1. 
Proposition 6 Let Γ(P) be a differential structure on P and let αl,r be a left (right) gauge
transformation on P.
Then the formulas
αl(γ) :=
∑
γ0gαl(γ1) (24)
αr(γ) :=
∑
gαr(γ1)γ0 (25)
define left (right) Γm(B)-module isomorphisms αl,r : horΓc(P) −→ horΓc(P) .
(Γm(B) is the maximal embeddable LC-differential algebra induced from Γc(P), see [5].) We
leave the proof to the reader.
The concept of gauge transformations can be carried over to associated vector bundles. In
general one can define gauge transformations on a locally trivial QVB E as follows:
Definition 3 Let ((E,B, κ), V, (ζi, Ji)i∈I) be a locally trivial QVB. A gauge transformation on
E is a automorphism η : E −→ E with the properties
κ(a) ◦ η = η ◦ κ(a), ∀a ∈ B (26)
η(kerζi) = kerζi. (27)
The last condition of this definition has the consequence that there are gauge transformations
ηi : Bi ⊗ V −→ Bi ⊗ V and η
i
ij : Bij ⊗ V −→ Bij ⊗ V such that
ηi ◦ ζi = ζi ◦ η
ηiij ◦ (π
i
j ⊗ id) = (π
i
j ⊗ id) ◦ ηi.
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Proposition 7 Gauge transformations on a locally trivial QVB E are in one-to-one correspon-
dence with families of gauge transformations ηi : Bi ⊗ V −→ Bi ⊗ V satisfying
ηiij = φijE ◦ η
j
ij ◦ φjiE . (28)
We omit the proof because it is quite analogous to the proof of Proposition 4 of [5].
Proposition 8 Let E(P, F ) be an associated vector bundle. Every left gauge transformation on
P determines a gauge transformation on E(P, F ).
Proof: Let αl be a left gauge transformation on P. The linear map ηαl : E(P, F ) −→ E(P, F )
defined by
ηαl := αl ⊗ id
is seen to be a gauge transformation on E(P, F ). 
Let Γm(B) be the maximal embeddable LC-differential algebra over B induced from the dif-
ferential structure on P, and let EΓ(P, F ) be the locally trivial QVB constructed in terms of
E(P, F ) and Γm(B). Because of Proposition 6, one can extend e very gauge transformation on
E(P, F ) determined by a gauge transformation on P to a module automorphism ηα of EΓ(P, F )
by
ηαl := ǫΓ ◦ (αl ⊗ id) ◦ ǫ
−1
Γ .
We end up this section with some remarks about the general structure of gauge transformations
in the case when the structure group of the locally trivial QPFB is a compact quantum group.
For the algebra P (G) of polynomial functions over such a compact quantum group G one can
construct the following linear basis ( see [9], [8] and [6]). Let M be the set of all irreducible
unitary matrix co-representations of G.
(A unitary matrix co-representation is defined by an P (G)-valued N ×N -matrix (uij)i,j=1,2,...,N
with ∆(uij) =
∑
k uik ⊗ ukl and u
∗
ij = S(uji).)
Two co-representations ρ and σ are equivalent if there exists an intertwining operator. This
defines an equivalence relation ∼ in M . Now one can select in every class α = M/ ∼ a
matrix co-representation (uαij)i,j=1,2,...Nα. It is proved in [9], [8] and [6] that the set of elements
(uαij)α∈M/∼; i,j=1,2,...,Nα is a linear basis of P (G). This leads us to the following conlusion.
Proposition 9 Let P be a locally trivial QPFB where the structure group is a compact quantum
group. The set of left (right) gauge transformations is in one to one correspondence with sets of
invertible Bi-valued matrices (b
α
ikl
)k,l=1,2,...Nα α∈M/∼ satisfying
πij(b
α
ikl
) =
Nα∑
m,n
τij(u
α
km)π
j
i (b
α
jmn)τji(u
α
ml). (29)
More precisely (see also formula (22)), one can construct a gauge transformation by mapping
every matrix uαij to a set of invertible Bi-valued N
α × Nα-matrices satisfying (29). Doing this
for each α one obtains linear maps τi : P (G) −→ Bi defined by
τi(u
α
kl) = b
α
ikl
.
Since the matrices (bαikl) are invertible the τi are convolution invertible. Since formula (29) is
fulfilled for each α the τi satisfy also (22) and it follows that they determine a gauge transfor-
mation.
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2 Gauge transformations and connections
Since we have extended gauge transformations only to the subalgebra of horizontal forms
horΓc(P) it is not possible to transform a connection by a gauge transformation analogous
to the classical case by transforming the connection form ωl,r . What we can transform is the
covariant derivation Dl,r := hor ◦ d corresponding to the connection.
Let Dl,r be the left (right) covariant derivative corresponding to a left (right) connection and
let αl,r be a left (right) gauge transformation. One defines the linear map D
′
l,r : horΓc(P) −→
horΓc(P) by
D′l,r := αl,r ◦Dl,r ◦ α
−1
l,r .
In the sequel we want to discuss this formula for connections on trivial QPFB. We know, that a
left (right) connection corresponds to a linear map Al,r : H −→ Γ
1(B) satisfying (54), (55),(79)
and (80) of [4] respectively. We are interested in the transformed maps A′l,r belonging to the
D′l,r. One calculates
D′l(a⊗ h) = αlDl ◦ α
−1
l (a⊗ h)
= αl ◦ horl ◦ d
∑
(aτα−1
l
(h1)⊗ h2)
= αl ◦ horl(
∑
((da)τα−1
l
(h1))⊗ˆh2 +
∑
aτα−1
l
(h1)⊗ˆdh2)
= αl(
∑
(daτα−1
l
(h1))⊗ˆh2 −
∑
aτα−1
l
(h1)Al(h2)⊗ˆh3)
=
∑
((da)τα−1
l
(h1))ταl(h2)⊗ˆh3 −
∑
aτα−1
l
(h1)Al(h2)ταl(h3)⊗ˆh4
= (da)⊗ˆh−
∑
aτα−1
l
(h1)dταl(h2)⊗ˆh3 −
∑
aτα−1
l
(h1)Al(h2)ταl(h3)⊗ˆh4.
This shows that the linear map A′l : H −→ Γ
1(B) defined by
A′l(h) := (id⊗ ε) ◦D
′
l
has the form
A′l(h) =
∑
τα−1
l
(h1)Al(h2)ταl(h3) +
∑
τα−1
l
(h1)dταl(h2). (30)
The same calculation for right connections leads to
A′r(h) =
∑
ταr(h3)Ar(h2)τα−1r (h1)− ταr(h2)dτα−1r (h1). (31)
In general the linear maps A′l,r do not satisfy the conditions (79) and (80) of [4] respectively, i.e.
D′l,r do in general not define a connection. Only in the special case when Γ(H) is the universal
differential algebra, which means every linear map A : H −→ Ω1(B) satisfying A(1) = 0 defines
a left and a right connection, every gauge transformation transforms connections in connections.
Because of this problem it seems to be necessary to introduce the following definition.
Definition 4 Let P be locally trivial QPFB and let αl,r be a left(right) gauge transformation
respectively. A left connection defined by horl is called αl-covariant if D
′
l defined by
D′l := αl ◦ horl ◦ d ◦ α
−1
l
defines the left covariant derivation of a left connection.
A right connection defined by horr is called αr-covariant if D
′
r defined by
D′r := αr ◦ horr ◦ d ◦ α
−1
r
defines the right covariant derivation of a right connection.
A left (right) connection is called covariant, if it is αl,r-covariant for all gauge transformations
αl,r.
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Definition 5 Let Gl,r ⊂ Gl,r be a subgroup. A left (right) connection is Gl,r-covariant if it is
αl,r-covariant for all αl,r ∈ Gl,r.
Proposition 10 Let P be a locally trivial QPFB and let Γ(P) be a differential structure of
P where the differential algebra Γ(H) is the universal one. All left (right) connections are
covariant.
For the proof see the remarks above.
Proposition 11 Let P be a locally trivial QPFB and let Γ(P) be a differential structure on P
where Γ(H) is bicovariant, i.e. the corresponding right ideal R is Ad-invariant. Let Q ⊂ Gl,r
be the subgroup of all gauge transformations which are differentiable algebra isomorphisms. All
left and right connections are Q-covariant.
Proof: It is sufficient to prove this assertion on a trivial bundel B ⊗ H. As noted at the
beginning of Section 1, an algebra automorphism α : B ⊗ H −→ B ⊗ H which is a gauge
transformation corresponds to a homomorphism τα : H −→ B with the property that τα(H) lies
in the center of B. We have assumed that α is differentiable with respect to Γ(B)⊗ˆΓ(H). Let
J(B ⊗H) ⊂ Ω(B ⊗H) be the differential ideal corresponding to Γ(B)⊗ˆΓ(H). The assumption
that α is differentiable means αΩ(J(B ⊗ H)) = J(B ⊗ H). As shown in [4], Proposition 4,
J(B ⊗H) is generated by the sets
(id⊗ 1)Ω(J(B)); {
∑
(1⊗ S−1(r2))d(1 ⊗ r1)| r ∈ R};
{(a⊗ 1)d(1 ⊗ h)− (d(1 ⊗ h))(a ⊗ 1)| a ∈ B, h ∈ H}.
Applying αΩ to these sets and using the Ad-invariance of R gives the following identities in
Γ(B).
∑
τα−1(r1)dτα(r2) = 0, ∀r ∈ R
(da)τα(h) = τα(h)da, ∀a ∈ B, ∀h ∈ H.
Let Al,r be the linear map corresponding to a connection on B ⊗ H. Using formula (30) one
obtains for the transformed linear maps A′l,r
A′l,r(h) =
∑
Al,r(h2)τα(S(h1)h3) +
∑
τα−1(h1)dτα(h2).
Inserting an element r ∈ R in this equation and using the Ad-invariance of R, i.e.
∑
r2 ⊗
S(r1)r3 ∈ R⊗H, and the properties of τα one obtains
A′l,r(r) = 0, ∀r ∈ R.
Thus, A′l,r defines a left (right) connection again. 
Proposition 12 Let P be a locally trivial QPFB. Assume there is given a differential structure
on P. Let Dl,r be a left (right) covariant derivative and αl,r a left (right) gauge transformation.
The Map D′l,r defined by
D′l,r := αl,r ◦Dl,r ◦ α
−1
l,r
is a left (right) covariant derivative.
We leave the proof for the reader.
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Proposition 13 Let P be a locally trivial QPFB, let Dl,r be a covariant derivative and let αl,r
be a gauge transformation.
Then there are the following transformation formulas for the left (right) curvature form Ωl,r:
Ω′l(h) =
∑
gα−1
l
(h1)Ω(h2)gαl(h3) (32)
Ω′r(h) =
∑
gαr (h3)Ω(h2)gα−1r (h1) (33)
Proof: Using formulas (105) and (106) of [4] and (24) and (25) one obtains
(D′l,r)
2 = αl,r ◦ (Dl,r)
2α−1l,r
and
αl ◦ (Dl)
2 ◦ α−1l (f) =
∑
f0gα−1
l
(f1)Ωl(f2)gαl(f3)
αr ◦ (Dr)
2 ◦ α−1r (f) =
∑
gαr(f3)Ωr(f2)gα−1r (f1)f0.
for f ∈ P. 
At the end of this section let us remark that on locally trivial QVB every gauge transformation
η transforms connections ∇ in connections ∇′ by
∇′ = η ◦ ∇ ◦ η−1.
This is analogous to Proposition 12.
3 Example
This example is constructed to show that there exist nonclassical gauge transformations.
Here we glue together a noncommutative “tube” with the quantum group SUν(2) along the
classical subspace S1 and construct a SUν(2) bundle over this “base”. First, we define the
algebra over the noncommutative “tube” as the algebra B1 generated by the elements
x, x∗, y = y∗
satisfying the relations
xx∗ = x∗x = 1
xy = qyx
x∗y = q−1yx∗,
where q ∈ (0, 1]. It is easy to see that there exists a surjective homomorphism π12 : B −→ P (S
1)
defined by
π12(x) = a
π12(x
∗) = a∗
π12(y) = 0,
where a is the generator of P (U(1)).
There also exists a surjective homomorphism π21 : P (SUν(2)) −→ P (S
1) defined by
π21(α) = a
π21(α
∗) = a∗
π21(γ) = π
2
1(γ
∗) = 0,
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where α, γ are the usual generators of P (SUν(2)). Our basis algebra B is defined as the gluing
of B1 and P (SUν(2)) by means of π
1
2 and π
2
1,
B := {(f1, f2) ∈ B1
⊕
P (SUν(2))|π
1
2(f1) = π
2
1(f2)}.
Now one chooses the transition functions τij : P (SUν(2) −→ P (S
1) as follows:
τ12(α) = a
τ12(α
∗) = a∗
τ12(γ) = τ12(γ
∗) = 0
and obtains a locally trivial QPFB P with “structure group” SUν(2).
According to Proposition 4, to construct a left gauge transformation αl we have to find a linear
map gαl : P (SUν(2)) −→ P fulfilling (10) - (14.
First we define the linear maps τ
(n)
1 : P (SUν(2)) −→ B1 and τ
(n)
2 : P (SUν(2)) −→ P (SUν(2)),
n ≥ 1. τ
(n)
1 is assumed to be a homomorphism defined by
τ
(n)
1 (α) = x
n
τ
(n)
1 (α
∗) = x∗n
τ
(n)
1 (γ) = τ
n
1 (γ
∗) = 0.
τ
(n)
2 is defined as follows:
τ
(n)
2 (h) =
∑
h1h2...hn.
The linear maps τ
(n)
i are convolution invertible with convolution inverse
τ
(n)
1
−1
(h) = τ
(n)
1 (S(h))
and
τ
(n)
2
−1
(h) =
∑
S(h1)S(h2)...S(hn).
By an easy calculation one obtains the identity
π12(τ
(n)
1 (h)) =
∑
τ12(h1)π
2
1(τ
(n)
2 (h2))τ21(h3) = π
2
1(τ
(n)
2 (h)),
hence (see formula (22) ) there exists a convolution invertible map g
(n)
αl : P (SUν(2)) −→ P which
determines a left gauge transformation.
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